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The convective heat-transfer problem is investigated for a Maxwellian fluid in generalized 
Couette flow in the case of large transient times for the process. 

The p rob lems  of v i scoe las t i c  fluid flow have been handled r a t h e r  success fu l ly  in r e cen t  yea r s .  The 
hydrodynamica l  a spec t s  of the p rob lem have been covered  in a g rea t  many  papers ,  of which we cite [1-4]. 
The authors  of these  paper s  have invest igated the flow of both l inear  v i scoe la s t i c  media  (Maxwellian model) 
and m o r e  complex  nonlinear  v i scoe las t i c  fluids. However ,  the p rob l ems  of convect ive heat  t r a n s f e r  in 
the mot ion of v i scoe las t i c  fluids has been a l m o s t  comple te ly  ignored; only in [5] has the h e a t - t r a n s f e r  p rob-  
l em been solved for  a f r e e - c o n v e c t i v e  flow of a v i scoe la s t i c  fluid. Viscoe las t ic  p rope r t i e s  a r e  inherent  in 
many  po lymer  solut ions and mel t s ,  lending cons iderab le  p rac t i ca l  s ignif icance to the p rob lems  of con-  
vec t ive  heat  t r a n s f e r  in the mot ion of v i scoe la s t i c  fluids. In the p resen t  a r t i c l e  we adopt the s imple  
rheologica l  model  of Maxwell as our model  of a v i s coe l a s t i c  fluid; the flow g e o m e t r y  is cha r ac t e r i z e d  by 
the conditions of the genera l ized  Coutte problem.  

We choose a coordinate  s y s t e m  oxy so that the plane y = 0 is congruent  with the lower plane, which 
is a s sumed  to be at  r e s t ,  the x axis is d i rec ted  along the motion of the upper  plane, and the y axis  is p e r -  
pendicular  to the planes.  We a s s u m e  that  a t  t < 0 the med ium is at  r e s t  and i ts  t e m p e r a t u r e  is constant;  
a t  t = 0 the upper  plane begins to move,  and s imul taneous ly  a longitudinal p r e s s u r e  gradient  and t h e r m a l  
field a r e  applied (the wall  t e m p e r a t u r e  jumps abrupt ly  to T w and r e m a i n s  constant  the rea f t e r ,  fo rming  
boundary conditions of the f i r s t  kind). We neglect  axial  heat  propagation.  This formula t ion  co r r e sponds  
to the following ma thema t i ca l  s t a tement  of the problem:  

a) equation of mot ion and rheological  model  equation [6, 7]: 

ap + a~ au . 

o a~_ + �9 = ~ au 
Ot Oy 

b) 

subjec t  to the  boundary conditions 

u(0, y ) = 0 ;  u(t, 0 ) = 0 ;  u(t, h ) = U ;  

the rma l -conduc t ion  equation: 

OT OT O~T 
-5[ + U a x  = a n y  2 

subject  to the init ial  and boundary  conditions 

T(0, x, y ) =  To; T(t, O, y ) =  To; T(t, x, 0 ) =  T~o; 

T(t, x, h ) =  T~. 

(2) 

(3) 

(4) 
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We confine the ensuing ana lys i s  to the case  of constant  p, p, and 0. In this formula t ion  the rheo -  
dynamical  p rob l em  is autonomous and is solved independently of the the rmodynamica l  problem.  

A.  R h e o d y n a m i c s  

The solution of the se t  of Eqs. (1) under the init ial  and boundary conditions (2) for  the case  of a con-  
s tant  longitudinal p r e s s u r e  gradient  

d_pp = p = const > 0 dx 
can be obtained by superpos i t ion  of the solutions for  s imple  Couette flow and flow in a plane tube, f r o m  
[71: 

u(t'y)=U[--~+2exp(--t)~:~~ = (--1)ram (ehr~t 

~ sin- h --~-~ y ( h -  - -  ~ - e x p  t 

x Z 1--(--1)'[chr,~t+shr,~t(Or,~+l--Q--)]sin-~} 
,n=l mn k 40r,~ ' 

(s) 

where  

1 / 4a2m~0 (6) 
r,~ = ~ -  1 h2 p 

As t ~ ~o the veloci ty  prof i le  of the v i scoe la s t i c  med ium goes over  to the s t eady - s t a t e  veloci ty  dis t r ibut ion 
of the genera l ized  Couette p rob lem for  a v i scous  fluid: 

u = u~ = v ~ - ~ P  v ( h - -  v). (7) 
h 2~ 

We analyze  the configurat ion of the ve loc i ty  prof i le  for  l a rge  t imes .  We introduce the p a r a m e t e r  

K -  2z~2~0 (8) 
h~p 

to obtain, a s suming  K << 1, 

,-~= ~- 1 - ~ : +  . 

Retaining only the f i r s t  t e r m s  of the s e r i e s ,  we have 

u=u| (--b t )  sin ~x-~y 
h ' 

(9) 

(lO) 

where  

A =  2 [ 2 + K  U 2h~ P] �9 
b---- K ( 2 - - K )  

4 

(11) 

Let  us e s t ima te  the o rder  of magnitude of tl, for  which it is admis s ib l e  to r e t a in  only the f i r s t  t e r m  
in the se r i e s .  It  follows f r o m  Eq. (5) that  at  a fixed t ime  the veloci ty  profi le  for  Poiseui l le  flow [the second 
s e r i e s  in Eq. (5)] is m o r e  p r e c i s e l y  approximated  by re tent ion  of just  the f i r s t  t e r m  of the s e r i e s  than the 
prof i le  for  Couette flow [the f i r s t  s e r i e s  in Eq. (5)]. The re fo re ,  the t ime  is e s t imated  f r o m  the f i r s t  s e r i e s .  
The calculat ions indicate that  for  

20 h2p (12) tl ~--- 
K n~tx 
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the f i r s t  rejected t e rm is an order  of magnitude smal le r  than the f i rs t  t e rm of the f i r s t  se r ies ,  and the 
lat ter  te rm,  on the other hand, is considerably smal le r  than U(y/h) for large t imes.  Consequently, for 
t > tl, where t 1 is determined by condition (12), it is permiss ible  to approximate the velocity profile (5) 
by the distr ibution (10). 

B. H e a t  T r a n s f e r  

We introduce the dimensionless variables  and parameters  

T' T - -T~  . t ' = - - t  ," y , =  __Y ; 
To -- T~ ' 0 h (13) 

u x ah 2 
, , . mZ__ 

U UO 0 

(we omit the primes f rom the ensuing calculations). The substitution of (13) into (3) and (4) and into (10) 
and (n),  respect ively,  yields the equation 

OT + u OT = m S __02T (14) 
Ot Ox Oy ~ 

subject to the initial and boundary conditions 

T(0, x, y)=1;  

T ( t ,  O, y ) = l ;  

T(t, x, o ) =  o; (15) 

T( t ,  x,  1) = 0, 

where 

u =- u( t ,  g) -~ u .  ( y ) - -  v( t ,  y); (16a) 
v << u.~; (16b) 

v (t, y) = A exp (-- bt) sin ny; (17) 

p h  ~ 
u~ (y) = y - -  - -  y (1 - -  y); (IS) 

2~tU 

A=--~2 [2~K_ 2h2~z Ub tP ] (19) 

The integration of Eq. (14) in the general  case is difficult. We therefore  seek an approximate solution of 
the problem for large t imes.  We represent  T(t, x, y) in the form 

T (t, x, y ) =  T| (x, y ) - - ~  (t, x, y) 

(for large times T -~ T~ ;  q~ << T~).  

(20a) 
(20b) 

We find the s ta t ionary temperature  distr ibution f rom the solution of the equation 

subject to the boundary conditions 

u| (y) OT--2 = m 2 02T----Z-~ (21) 
Ox Oy ~ 

T| i ) =  1; T=(x, 0 )=0 ;  T~(x, 1)=0.  (22) 

Equation (2t) with the boundary conditions (22) is solved by the separat ion of variables  (Fourier  method) 
[8]. In view of the difficulties associated with finding the exact eigenvalues and eigenvectors we use an 
approximative method, namely the so-cal led WKB (Wentze l -Kra rae r s -Br i l lou in ) ,  or phase-integral ,  
method used in [9-11]. The solution of problem (21) has the form 

T~ (x, y) = ~ Cn~ ~ (y) exp [-- e~ m2x]. (23) 
a ~ 0  

The eigenfunctions a re  determined f rom the equation 

," (y) + 8~u| (u) r (y) = o (24) 
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subjec t  to the boundary  conditions 

~p (0) = 0; (25a) 

~p (i) = 0. (25b) 

The condition for  the en t ry  t e m p e r a t u r e  T(t, 0, y) = 1 is c o r r e c t l y  s ta ted only in the case  of a low counte r -  
p r e s s u r e :  

U (26) P ~ 2 ~ t  h~-. 

Regard ing  a as  a l a rge  p a r a m e t e r ,  we apply the f i r s t - o r d e r  WKB approx imat ion  [12]: 

1 

Under condition (26) uco(y) > 0 eve rywhere  in the channel, i .e . ,  we have only one turning poing [13], y 
= 0, because  u(0) = 0. Represen t ing  the solution in the f o r m  

1 1 

r (Y) - d/~ [ . .  (y)] 1/4 
Y y 

(2s) 

we obtain the following upon sa t i s fac t ion  of (25b): 

1 

sin S dy ] 
u (29) r (y) = ~,/2 [u~ (y)] '/ '  

Inasmuch  as  y = 0 is a turning point, in the vic ini ty  of that point the WKB approximat ion  is  inapplicable.  
F o r  sma l l  y we l inea r i ze  the ve loc i ty  profi le ,  whereupon,  taking the condition of nondetachment  at  the wall  
into account,  we obtain 

u~ (y) = u~ (0) + u~ (0) y + . . . .  u~ (0) y. (30) 

The subst i tut ion of (30) into (24) leads to the equation 

," (y) + ~yu' ( 0 ) ,  (y) = 0, (31) 

whose solution can be r e p r e s e n t e d  in t e r m s  of Besse l  functions: 

For  l a rge  a (such that  ~y3/2 is  l a rge  for  smaU y) we have the following asympto t i c  r ep re sen t a t i on  of the 
Besse l  functions [14]: 

(33) 
- -  

The inser t ion  of (33) into (32) and "matching"  of the WKB solution to the solution obtained nea r  the turning 
point with r ega rd  for  the boundary  condition (25a) gives us the r ep resen ta t ions  we seek  for  the eivenvalues:  

1 
11 ]-i 

0 

and the coefficients:  
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C _  

1 

cos e V u~ (g) dy  - -  , 

0 

D = O .  

(as) 

As a r e su l t ,  the e igenfunc t ions  in the i n t e rva l  0 < y --_ 1 / 4  a r e  found f r o m  (32) with (34) and {35) taken  into 
account ,  and in the i n t e rva l  1 / 4  < y < 1 f r o m  (29) and (34) (the choice  of y = 1 / 4  as  the c r o s s o v e r  is c o n -  

dit ional).  

We now d e t e r m i n e  the n o n s t a t i o n a r y  t e m p e r a t u r e  "defec t . "  Upon subs t i tu t ion  of (t6a) and (20a) into 
(14) with r e g a r d  fo r  the s t a t i o n a r y - t e m p e r a t u r e  equat ion  (21) and o m i s s i o n  of the t e r m  conta in ing  the 
product of small quantities (v~p/~x), we obtain the equation we are after: 

o ~  + u~, (v) o ~  _ rn~ 0~-~t = - v (t, y) o _ o .  (36) 
c)t 8x 8y 2 Ox 

We find the bounda ry  condi t ions  f r o m  (16a) and (22): 

q~(t, 0, g ) = 0 ;  ~(t, x, 0 ) = 0 ;  r x, I ) = 0 .  (37) 

P h y s i c a l  condi t ions  indicate  that  it is  n e c e s s a r y  to impose  a condi t ion on the t ime  for  q~ as  t ~ % because  
fo r  sma l l  va lues  of t the a s s u m p t i o n s  (16b) and (20b), which w e r e  in jec ted  into the s c h e m e  of the solut ion,  
a r e  inappl icable .  I t  is  c l e a r  that  

~pl~,. -- 0. (38) 

The r i g h t - h a n d  s ide of Eq. (36) can be d e t e r m i n e d  f r o m  (17) and (23). As a r e su l t ,  

3qD 02qD 
A exp [-- b/] sin at ,{ /~ 2m2 

~-t + 8x aV 2 
m z (39) (V) - -  - -  [ - -  %Ia x]. -- ---- Cne,~ %~ (g) exp 2 

n = O  

We s e e k  the so lu t ion  of (39) in the f o r m  

q~ (t, x, g) = exp [ ~  bt] O~ (x, g). (40) 

Condit ion (38) is now sa t i s f ied  au toma t i ca l ly .  F o r  the funct ion 0 t(x, y) we deduce the equat ion  
o~ 

rn 2 0201 - -u~  (V) 001 = [ e~mx], (41) OV 2 ~ x  + b01 ~ [~(b')exp - -  2 2 
k = 0  

in  which 

fh (Y) = AC~ sin z~y e~ m2~ (tJ) (42) 

sub jec t  to the bounda ry  condi t ions  

01(0, g ) = O ;  0 l(x, 0 ) = 0 ;  0 l(x, 1)=0.  (43) 

The so lu t ion  of tlle inhomogeneous  equa t ion  (41) under  the homogeneous  b o u n d a r y  condi t ions  (43) is  found 
as  a F o u r i e r  s e r i e s  on the e igenfunct ions  of the c o r r e s p o n d i n g  homogeneous  equation:  

01 (x, y) = X D,~ (Xn, x) ah,~ (y) X,~ (x). (44) 
n = O  

The corresponding homogeneous equation 

rn ~ a~o* - -  u~ (V) aol av - - Y  Ux + bOl = 0  

is  solved by the F o u r i e r  method.  F o r  the e igenfunc t ion  we obta in  

% ( 0 ) = 0 ;  % ( 1 ) = 0 .  

Since m is a s m a l l  quant i ty ,  we seek  the so lu t ion  of (46) by the WKB method.  We obtain as  a r e s u l t  

(45) 

[46) 

(47) 
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~)1 = A 

1 1 

Y Y @B z 
m - 1 / 2  (b  A i- ~212~) 1/4 m - ' ~  (b  "All- ~,2U~)  TM 

I n a s m u c h  as  uoo(y) > O fo r  0 < y -< 1, t h e r e  is  no tu rn lng  point fo r  the so lu t ion  (48), 
(47) i s  s a t i s f i ed ,  we  have  

and 

B = 0  

1 

sin i w = 0  
0 

b e c a u s e  b > 0. Once 

(48) 

(49) 

whence  
1 

.I V6 + ~ .~  (y) dy = ~m.  
0 

The  so lu t ion  of (50) fo r  X n g ive s  us  the  r e p r e s e n t a t i o n  we s e e k  fo r  the e igenva lues .  
the e n t i r e  chaune l  a r e  found f r o m  the r e l a t i o n  

1 

~ l n  = Y ! 

m -  Y[b + ~,~ u,~ (y)] 1/4 

(50) 

The  e igenfunc t ions  in 

(51) 

To  find the coe f f i c i en t s  D n in Eq. (44) we  expand the  funct ion  

r (y) = [h (Y) , (52) 
u| (y) 

w h e r e  fk(Y) is  d e t e r m i n e d  by  Eq. (42), in a F o u r i e r  s e r i e s  on the c o m p l e t e  s y s t e m  of o r thogona l  func t ions  

era(Y): 

~h (Y) = ~ a~h*~ (Y), (53) 
n~-0 

where 

I 

~ h (y) [b + z~ u~ (y)] ~1~ (y) dy 

0 (54) 
a n k  ~" 1 

zn ~ (y)] dy I *,~(Y) [b + 2. 
0 

The  i n s e r t i o n  of (53) and (44) into (41) wi th  r e g a r d  fo r  the e igenfunc t ion  equa t ion  (46) y i e lds  the fol lowing 
equa t ion  f o r  D n a f t e r  su i t ab le  a l g e b r a i c  t r a n s f o r m a t i o n s :  

dD_._~n = __ ~ a~hexp(_  e~ m2x + ~ x )  (55) 
dx 

k=O 

s u b j e c t  to the  b o u n d a r y  condi t ions  

D~ (0) = 0. (56) 

The  i n t e g r a t i o n  of (55) and s a t i s f a c t i o n  of (56) y ie ld  

{ exp [(~ - -  e~ rn ~) xl - -  1 } . (57) 
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As a resul t ,  we obtain the des i red  t empera tu re  distribution: 

T (t, x, V) ---- ~ C~;~ (b') exp (-- e2~ m 2 x )  

t/=O 

k • 0  ~ a~hexp[--Z~x] {exp[(~--ek2rne) x ]-l}%bl~(y ). - -  exp (-- bt) ~ 2 ~ 
A n - -  E k/72 

/7=0 

(58) 

This solution is a lso applicable to the case  P < 0. In this case there  a r e  no constra ints  on the quan- 
t i ty  ]PI .  

x, y 
P 
T 

P 

0 
u 
h 
U 
To 
P 

T w 
a 

Too 
lloo 
~o 

V 

Cn, Cn 
Jp(Z) 
An 

N O T A T I O N  

a re  the axes of the Car tes ian  coordinate  sys tem;  
is the p re s su re ;  
is the shear  s t r e s s ;  
is the density of the medium; 
a r e  the d imensionless  quantit ies;  
is the relaxation time; 
is the projection of velocity on the x axis; 
is the separation of the bounding planes; 
is the velocity of the upper plane; 
is the temperature of the medium at entry or initial temperature; 
is the longitudinal pressure gradient; 
is the wall temperature of the channel; 
is the thermal diffusivity; 
is the stationary temperature distribution; 
is the stationary velocity profile; 
is the nonstat ionary t empera tu re  "defect";  
is the nonsta t ionary veloci ty  "defect";  
a r e  the eigenvalues and eigenfunctions of the S t u r m - L i o u v i l l e  problem (stat ionary case);  
a re  the Besse l  functions of the f i r s t  kind; 
a r e  the eigenvalues of the S t u r m -  Liouville problem (nonstationary case). 
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